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Determination of stress distribution patterns 
in post-criticaldeformation states of thin-walled skins 

subjected to operating loads

Określanie rozkładów naprężeń w stanach deformacji 
zakrytycznych elementów pokryć cienkościennych 

poddawanych obciążeniom eksploatacyjnym*
The paper presents results of research on thin-walled structures constituting models of skin components of aircraft load-bearing 
structures subject to shearing. The type of load and deformation correspond to the typical state of such a structure under operating 
conditions. Results of experiments carried out on models and nonlinear numerical analyses based on the finite element method for 
a number of load-bearing structure variants. Methods suitable for verification of results of numerical calculations are proposed 
and an effective set of numerical procedures is selected allowing to obtain reliable results of calculations. 
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Praca prezentuje wyniki badań ustrojów cienkościennych, stanowiących modele fragmentów pokryć lotniczych struktur nośnych, 
poddawanych ścinaniu. Rodzaj obciążenia oraz deformacji odpowiada typowemu stanowi struktury w warunkach eksploatacji. 
Przedstawiono wyniki badań eksperymentalnych i nieliniowych analiz numerycznych w ujęciu metody elementów skończonych 
szeregu wariantów ustrojów nośnych. Opracowano metody weryfikacji wyników obliczeń numerycznych oraz dobrano efektywny 
zestaw procedur numerycznych pozwalających na uzyskanie wiarygodnych wyników obliczeń.

Słowa kluczowe:	 wyboczenie, ustroje cienkościenne, lotnicze struktury nośne, ścinanie, metoda elementów 
skończonych, nieliniowe analizy numeryczne, trwałość eksploatacyjna.

1. Introduction 

The loss of stability in thin-walled structures subjected to shearing 
is a phenomenon commonly encountered in the course of operation 
of semi-monocoque aircraft structures. Aircraft skin components lose 
their stability in the course of operation, and therefore in the permis-
sible load conditions. The phenomenon is considered permissible in 
case of metal structures provided the deformation occurs in the elastic 
regime and occurs locally, i.e. within the skin areas limited with frame 
components [16]. 

The aircraft structure design processes must therefore include, as 
their indispensable steps, analyses allowing to determine the stress 
distribution patterns in advanced post-buckling deformation states 
that, in the case of skins being components of semi-monocoque air-
craft structures, have cyclical nature in view of variability of loads. 
This results in occurrence of fatigue-related effects in the skin materi-
al, therefore the knowledge of stress fields is essential not only for the 
purpose of identification of stress concentration zones, but constitutes 
also a base on which operating stability of the analysed structures will 
be evaluated [14, 15]. 

Additional problems are caused by cut-outs of any type, such as 
service sight holes and inspection openings, that result in local re-
duction of rigidity of the structure. They are therefore a cause of the 
change of the stability loss characteristics with respect to areas free 
from such singularities and result in local occurrence of strong stress 
concentrations [1, 4, 5]. 

Basic numerical tools widely used throughout design processes 
are various computer programs utilising the finite element method 
(FEM) [3, 6, 18]. Whereas in the case of linear analyses and at the 
presently observed state of advancement of commercial software, 
most of the obtained results may be admitted to be reliable, nonlinear 
procedures used for determination of advanced post-critical defor-
mation states are still the source of many problems following from 
limited reliability of numerical procedures determining equilibrium 
states of structures [7, 19] corresponding to consecutive points of the 
equilibrium path [2, 12, 13]. As a consequence, despite apparently 
correct representation of structure rigidity, results biased with signifi-
cant errors are frequently obtained [11]. 

From the point of view of description of a nonlinear problem, the 
fundamental relationship determining the state of a structure versus 
the load is the so-called equilibrium path of the system in question, 
interpreted in general as a hypersurface in the hyperspace of states [6, 
8]. The relationship represents fulfilment of the equation of residual 
forces in a matrix form [3, 12] 

	 r(u, Λ) = 0,	 (1)

where u is the state vector containing displacement components of 
nodes of the structure corresponding to its current geometrical con-
figuration, Λ is a matrix composed of control parameters correspond-
ing to the current load level, and r is the residual vector composed 
of uncompensated force components related to the current system 
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deformation state. The set of control parameters can be represented 
by a single parameter being a function of the load. Equation (1) takes 
then the form

	 r(u, λ) = 0,	 (2)

called the single-parameter equation of residual forces.
The prediction-correction methods of determining consecutive 

points of the equilibrium path used in modern software routines con-
tain also a correction phase based on the requirement that the system 
satisfies an additional equation called the increment control equation 
or the equation of constraints [7]:

	 c(Δun, Δλn) = 0,	 (3)

where the increments

Δun = un+1 – u     and     Δλn = λn+1 – λn        (4)

correspond to the transition from n-th state to (n+1)-th 
state.

For the purpose of comparison, in view of the obvi-
ous difficulties involved in graphical representation of 
equilibrium paths for systems with more than 2 degrees 
of freedom, in practice the so-called representative equi-
librium paths are used that represent a functional rela-
tionship between a selected parameter characterising de-
formation of the system and a single control parameter 
related to the applied load. 

To confirm reliability of results obtained from FEM-
based nonlinear numerical analyses, it is necessary to 
find a satisfactory convergence between representative 
equilibrium paths, the actual one and this obtained nu-
merically, and further, confirm correctness of the de-
formation pattern resulting from calculations [10]. It 
is therefore essential to carry out the process of experi-
mental verification. Selection of a relatively inexpensive 
experiment with the use of model materials seems to be 
particularly recommendable in this case. 

On the grounds of the solution uniqueness rule, ac-
cording to which a specific deformation pattern may 
correspond to one and only one stress distribution pat-
tern, reliability can be then attributed also to the reduced 
stress distributions in the deformed skin [9, 10].

2. Subject and scope of research

The presented study was aimed at development of an effective 
methodology applicable to determination of stress distribution patterns 
in flat components of skins subjected to post-critical deformations un-
der operating conditions, with the stress put on selection of appropriate 
numerical methods and parameters controlling the course of nonlinear 
analyses carried out with the use of the finite element method. 

The subject of the study were thin-walled structures with shape 
and dimensions shown in Fig. 1 subjected to shearing and representing 
model counterparts of typical skin components used in semi-mono-
coque structures. The analysis covered also structures provided with 
circular holes with various diameters imitating service openings.

2. Experimental research

According to the assumptions, the planned research cycle includ-
ed several stages realisation of which required construction of several 
test set-ups. 

The basic set-up, used for experiments of static character, com-
prised a frame with a large margin of rigidity on which both structure 
mounting system and loading system were supported (Fig. 2).

The examined structure was mounted in a special frame made of 
rigid steel beams joined pivotally in corners. The load in the form 
of a force was applied gravitationally, by means of a line put over a 
system of pulleys (Fig. 3). To be able to perform the above-mentioned 
comparison between deformations obtained by means of numerical 
methods and the actual ones, it turned out to be necessary to make the 
deformed structure geometry measurements as accurate as possible. 
For the purpose of the present study, a set of ATOS scanners manu-
factured by German company GOM Optical Measuring Techniques 
was used. The principle of operation of the scanners is based on the 
projection moiré method, and geometry measurements were carried 
out after each increment of the applied load. 

The experiment was carried out with the use of five model vari-
ants: the basic structure without any cut-outs, two structures with cen-
trally located circular holes with diameters of 35 mm and 70 mm, and Fig. 1. Geometry of the examined structure

Fig. 2. The set-up for static experiments with 3D ATOS scanner
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Fig. 3. Schematic diagram of fastening and load application

Fig. 4.	 Displacement distributions obtained as a result of experiment with the use of polycarbonate boards: (a) the model without any cut-out; (b) a 
model with 35-mm hole without reinforcement; (c) a model with 35-mm hole and reinforcing ring; (d) a model with 70-mm hole

two structures with holes of the same diameters but provided with 
reinforcing rings 5  mm wide and 4  mm thick. In all the cases, the 
examined structures were loaded with force the maximum value of 
which reached 900 N. The models used in the first phase of research 
were made of polycarbonate marketed under trade name of Macrolon, 
which is an isotropic material characterised with the following pa-
rameters: the Young’s modulus E = 2150 MPa, and the Poisson ratio 
ν = 0.4. 

The loss of stability occurred in all the cases at relatively low load 
values which follows from the nature of the stress distribution pat-
tern constituting the field of tensions. The displacement distributions 
obtained in the course of the experiment are presented in Fig. 4 in the 
form of colour-filled contour lines generated with the use of GOM 
Inspect Software linked with ATOS 3D scanner. 

In all the cases, advanced post-critical deformations had a similar 
form, with a fold running along the diagonal of the model. It should be 

a) b)

d)c)
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however emphasised that the examined objects are characterised by 
high susceptibility to any changes occurring in boundary conditions 
which is typical for nonlinear systems. One of such changes consists 
in introduction of additional stiffening elements around the holes. 
In these cases, a change in the deformation pattern was observed in 
the form of shifting the folds towards the corner which was a result 
of local stiffening of the structure. For all the cases, representative 
equilibrium paths have been obtained by means of establishing the 
relationship between the maximum displacement along direction per-
pendicular to the undeformed model plane and the load force value 
(Figs. 11–15).

In the subsequent experiment, a plate made of an aircraft alumini-
um alloy was used. As a part of the experimental set-up, a load-apply-
ing system was used in the form of numerically controlled hydraulic 
servo by Zwick (Fig. 5). The model was mounted by means of the 

same method as this used in the case of polycarbonate boards. Utilisa-
tion of the modified system was aimed at provision of the possibility 
to carry out research on both static and fatigue-related phenomena 
which would allow to determine relationships between stress distribu-
tions occurring under the static load conditions and operating stability 
of the examined structures. 

In the course of the experiment, geometry of the deformed model 
was registered with the use of ATOS scanner (Fig. 6). 

3. Nonlinear numerical analysis

Numerical calculations were carried out with the use of MSC Pat-
ran / MSC Marc software. The examined structures were modelled by 
means of about 5000 thin-walled (thin shell) elements. To model the 
mounting system, about 2000 thick-walled (thick shell) elements were 
used. Joints of continuous character have been assumed between the 
mounting system and the model of the examined structure. This sim-
plification followed from striving to obtain a task of relatively small 
size and from the fact that using MPC nodes selected typically as a 
representation of discrete joints results in occurrence of various errors 
in nonlinear numerical procedures leading to distortion of final results 
or even making impossible to find any solution at all. After a series 
of numerical tests it has been found that the best results, both qualita-
tively and quantitatively, would be obtained by using the prognostic 
secant method in combination with the Crisfield’s hyperspherical cor-
rection strategy [8]. Moreover, appropriate values of the parameters 
controlling the nonlinear process have been selected. Fig. 7 presents 
selected numerical models of the examined structures with the mesh 
of divisions into finite elements shown.

Fig. 4. [continued] (e) a model with 70-mm hole and reinforcing ring

Fig. 5.	 A set-up for static and fatigue tests with a model made of aluminium 
alloy plate

Fig. 6.	 Deformation of the plate made of aluminium alloy: (a) an overview, 
(b) distribution in the form of contour lines

e)

a)

b)
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Fig. 7.	 Selected numerical models of the analysed structures: (a) the model 
without any cut-out; (b) the model with 70-mm hole and reinforcing 
ring; (c) the zone of 35mm hole with reinforcing ring

Fig. 8.	 Displacement distribution patterns along direction perpen-
dicular to the undeformed model plane – polycarbonate skins

a)

b)

c)
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Fig. 8 shows deformation distributions obtained by means of 
numerical methods, while Figs. 9 and 10 depict reduced stress dis-
tributions according to Huber-von Mises-Hencky hypothesis in the 
analysed models.

Figures 11–15 show comparisons between representative equi-
librium paths obtained from experiments on one hand and nonlinear 
numerical analyses on the other. In all the cases, as a representative 
parameter, the component of displacement of point A (see Fig. 3) cor-
responding to X axis of the reference system was adopted.

Fig. 10.	 Reduced stress distribution according to Huber-von Mises-Hencky 
hypothesis – aluminium alloy plate

Fig. 9.	 Reduced stress distributions according to Huber-von Mises-Hencky 
hypothesis – polycarbonate skins

Fig. 8.	 [continued] Displacement distribution patterns along direction per-
pendicular to the undeformed model plane — polycarbonate skins
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4. Discussion on the results

According to the adopted criteria, the assessment of reliability 
of results obtained from nonlinear numerical analysis was based on 
similarity of deformation distribution patterns (Figs. 4 and 8). Tak-
ing into account the practically identical overall deformation picture 
and very similar displacement values in corresponding areas of the 
two plate types, it may be concluded that both the adopted prognostic 
method and the correction strategy constitute a combination suitable 

for analysis of structures similar to these discussed above. Reliability 
of the obtained results is confirmed by satisfactory convergence of 
representative equilibrium paths obtained from experiments and nu-
merical models, for each of the analysed structures (Figs. 11–15).

Based on the above-described mutual correspondence, reliability 
has been also admitted with respect to the reduced stress distributions 
presented in Figs. 9 and 10. In all these cases, stress concentration 
zones were located in corners of the examined structures and these are 
the locations where occurrence of a fatigue damage can be expected. 

In all the cases discussed above, increased values of the reduced 
stress values occur along boundaries of folds which follows from 
flexural states arising in the examined structures. Moreover, stress 
concentration zones develop in the areas adjacent to holes, whereas 
in the case of cut-outs with reinforcements, reduced stress gradients 
and maximum values are much less than in the case of non-reinforced 
holes. Increase of the hole diameter results in a natural way in an in-
crease of stresses occurring in the plate and necessity to use reinforce-
ments with respectively increased dimensions.

The above observations allow to conclude that the search for struc-
tural design solutions aimed at improvement of operating stability of 
thin-walled structure skins should be oriented towards determination 

Fig. 11.	 A comparison between representative equilibrium paths – the model 
without hole 

Fig. 12.	 A comparison between representative equilibrium paths – 
the model with a 35-mm hole

Fig. 13.	 A comparison between representative equilibrium paths – 
the model with a reinforced 35-mm hole 

Fig. 14.	 A comparison between representative equilibrium paths – 
the model with a 70-mm hole

Fig. 15.	 A comparison between representative equilibrium paths – 
the model with a reinforced 70-mm hole



Eksploatacja i Niezawodnosc – Maintenance and Reliability Vol.16, No. 4, 2014 615

Science and Technology

References

1. Arborcz J. Post-buckling behavior of structures, Numerical techniques for more complicated structures. Lecture Notes In Physics 1985.
2. Aborcz J, Hol JMA. Recent development in shell stability analysis. Report LR-633 Faculty of Aerospace Engineering. Delft University of 

Technology 1990.
3. Bathe KJ. Finite element procedures. Prentice Hall 1996.
4. Brighenti R. Buckling of cracked thin-plates under tension or compression. Thin Walled Structures 2005; 43: 209–224. 
5. Byklum E, Steen E, Amdahl J. A semi-analytical model for global buckling and post-buckling analysis of stiffened panels. Thin Walled 

Structures 2004; 42: 701–717.
6. Crisfield MA. Non-linear finite element analysis of solid and structures. J. Wiley & Sons 1997.
7. Crisfield MA. An arc-length method including line searches and accelerations. Int J. Numerical Methods in Engineering 1983; 19: 1269–1289.
8. Doyle JF. Nonlinear analysis of thin-walled structures. Springer-Verlag 2001.
9. Dębski H, Kubiak T, Teter A. Experimental investigation of channel-section composite profiles’ behavior with various sequences of plies 

subjected to static compression. Thin-Walled Structures 2013; 71: 147–154.
10. Dębski H., Kubiak T, Teter A. Buckling and postbuckling behaviour of thin-walled composite channel section column. Composite Structures 

2013; 100: 195–204.
11. Dębski H. Experimental investigation of post-buckling behavior of composite column with top-hat cross-section. Maintenance and Reliability 

2013; 16 (2): 105–109.
12. Felippa CA, Crivelli LA, Haugen B. A survey of the core-congruential formulation for nonlinear finite element, Archive of Computer 

Methods in Engineering 1994.
13. Felippa CA. Procedures for computer analysis of large nonlinear structural system in large engineering systems. Pergamon Press 1976.
14.  Kopecki T, Mazurek P. Problems of numerical bifurcation reproducing in post-critical deformation states of aircraft structures. Journal of 

Theoretical and Applied Mechanics 2013; 51: 4: 969–977.
15.  Kopecki T, Mazurek P. Numerical representation of post-critical deformations in the processes of determining stress distributions in closed 

multi-segment thin-walled aircraft load-bearing structures. Maintenance and Reliability 2014: 16: 1: 164–169.
16. Lynch C. A finite element study of the post buckling behavior of a typical aircraft fuselage panel. PhD Thesis. Queen’s University Belfast, 2000.
18. Rakowski G, Kacprzyk Z, The finite elements method in mechanics of structures. Oficyna Wydawnicza Politechniki Warszawskiej 1993.
19. Riks E. An incremental approach to the solution of snapping and buckling problems. International Journal of Solid and Structures 1979; 15: 

529–551.

and elaboration of alternative solutions allowing to change the nature 
of stress distribution patterns. An example of solutions of that type 
used in the aircraft construction practice are skin stiffening features 
in the form of the so-called ripples, i.e. parallel mouldings within the 
area of skin segments or, much more rarely, integral stiffening ele-
ments obtained by means of machining. Such solutions, although used 
in the practice, are rather scarcely discussed in universally available 
scientific publications in view of high costs of the related research 
work that is in general carried out only by aircraft manufacturing cor-
porations for their own purposes.

5. Directions of further research

The research results presented above together with observations 
based on them should be perceived in the context of a wider research 
program aimed at development of effective calculation methods that 
would allow to evaluate stability of thin-walled aircraft structures sub-
jected to post-critical deformations under permissible operating load 

conditions. Selection of appropriate methods to be used for devel-
opment of numerical models and the most effective combinations of 
prognostic methods and correction strategies in nonlinear analyses al-
lows to work out fail-safe methods for determining stress distributions 
in deformed skins. The obtained stress distributions may be adopted 
as a base for further analyses of fatigue-oriented nature taking into 
account the use of appropriate software and performance of a relevant 
model experiment.

The proposed research program represents therefore a combina-
tion of static and fatigue experiments carried out with the use of up-
to-date research apparatus, e.g. a hydraulic cylinder for fatigue tests, 
as well as numerical analyses of various types, with the use of a up-to-
date software based on the finite elements method. The fundamental 
objective of such research effort is to develop a computational method 
for determining the operating stability applicable to various variants 
of thin-walled structure skins subjected to large deformations under 
permissible load conditions.
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